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1. Introduction

For any two given measurable functions u; : R — R, uy : R — R and a general curve ~, the Hilbert
transform H,, ., along variable general curve (¢, u1(x1)t + ua(21)v(t)) is defined by

Hul,u2,ryf(z1, Xg) :=P.V. / flay —t, 20 —ug (1)t — uz(x1)y(t)) %, Y (x1,x2) € Rz, (1.1)
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for any function f in the Schwartz class S(R?), here and hereafter, p.v. ffooo denotes the principal-value
integral. The corresponding Carleson operator Cn, N, is defined by

T at

CN1,N2,’Yf(x) = sup p.v. / elet+ZN2’Y(t)f(x - t) - | Va € Rv (12)
N1,N2€R t

for any f € S(R). By linearizing the supremum, the estimate ||Cn, n,+fllLr@®) < C|fllLr(r) is equivalent

to obtaining [|Cu, u,~ fllzr®) < Cllfllzr®) for the Carleson operator Cy, u,~ defined as

o0
. . dt
Cutus iy f(x) :=Dp. V. / eml(m)tﬂu?(mh(t)f(x —t) e VreR, (1.3)

—00

for any f € S(R), where u; : R — R and us : R — R are measurable functions, and the bound
C must be independent of the measurable functions u; and wuy. In this paper, we want to establish the
L?(R?) boundedness and single annulus LP(R?) estimate for the Hilbert transform H,, ., and the LP(R)
boundedness of the Carleson operator Cy, v, for some general plane curves vy, where p € (1, 00).

One motivation of this paper is the longstanding Stein conjecture. Let v : R? — S! be a measurable
unit circle and for any f € S(R?), define

H, f(z) = p.V./f(x —v(x)t) %, Vo e R2. (1.4)

Stein [29] conjectured that H, . is weak-(2,2) bounded whenever v is a Lipschitz function with ||v| i, & e .

For smooth vector field v, Christ et al. [10] obtained the LP(R?) boundedness of H, . for all p € (1, 00)
under some extra curvature conditions. Later, Lacey and Li [21] established the L?*(R?) boundedness of
H,. if v € C1** with a > 0 and a suitable Kakeya maximal operator is bounded. On the other hand, the
Hilbert transform H, along the vector field v without cut-off is defined by
T at ,
H,f(z):=p.v. /f(x—v(x)t)T, Vo e R, (1.5)

for any f € S(R?). Lacey and Li [20] obtained single annulus L?(R?) estimate for H,. They showed that
H, Py maps L?(R?) into L?°°(R?) and is bounded on LP(R?) with p € (2,00) for an arbitrary measurable
vector field v and these operators’ norms are independent of k € Z. Here Py denotes the k-th Littlewood-
Paley projection operator.

Since H, becomes Hilbert transform when v equals to (0,1) or (0,—1), we should only consider the
vector fields with non-vanishing first component. By scaling, for any f € S(R?), we can assume that
v(x1,x2) := (1,U(x1,22)) and consider

T dt
Hy f(z1,22) :=p. V. / fxy —t,xo — Uz, 22)t) 7 Y (z1,22) € R2,

where U : R? — R is a measurable function. It is a special case of the following Hilbert transform Hy
along variable plane curve (¢, U(z1,x2)7v(t)):
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dt

Hy . f(x1,22) :==p. V. / flxy —t,xo — U(xy,22)7(1)) e Y (21, 22) € R?, (1.6)

— 00

original defined for any f € S(R?). There are some results about the Hilbert transform Hy ., in (1.6); see,
for example, [13,15,27]. The boundedness of the Hilbert transform Hy ., for general plane curve - is still
open.

We know that Hy ., is not bounded on LP(R?) for all p € (1,00), if we only assume U is a measurable
function. The assumption that Lipschitz regularity of U plays a crucial role in the LP(R?) boundedness
of Hy,, for any given p € (1,00), even one cannot take U to be Holder continuous of any index strictly
less than one; see [16,21]. But if we consider that the measurable function U depends only on one variable,
i.e. U(z1,22) = u(x1) for any (z1,22) € R?, the Lipschitz regularity of U in Hy , can be ignored. In fact,
the first author and Li [24] have established the LP(R?) boundedness of the Hilbert transform H, ., along
variable plane curve (¢,u(z1)y(t)), which is defined by setting, for any f € S(R?),

Hy o f(x1,22) :=p.v. / flz1 —t, 20 —u(zy)y(t)) %, Y (z1,22) € R?, (1.7)

for any given p € (1, 00) with the bound independent of the measurable function w.
We now introduce another Hilbert transform H,, which is defined as following, for any f € S(R?),

H, f(x1,22) :=p.v. / flxy —t, 22 — u(xq)t) %, YV (z1,72) € R?, (1.8)

—0o0

where u : R — R is a measurable function. Continuing the work in [24], we combine the Hilbert transform
H, . in (1.7) with H, in (1.8) and consider

o0

Hul,ug,wf(xl,xQ) = Dp.V. / f(xl - t7x2 - ul(xl)t - u2(x1)’y(t)) PR V(xlaxQ) € RQv

— 00

original defined for any f € S(R?), where u; : R — R and us : R — R are measurable functions. This is
the operator (1.1), which has been introduced in [16] with the restriction that v is [¢|* or sgn(¢)|¢t|* for any
teR, a€(0,00), a#1, a#2 When u; = us, the Hilbert transform H,, ., is demoted to the Hilbert
transform H, , along a new variable plane curve (¢,u(x1)(t + v(t))). A fundamental question concerns
suitable conditions on the curve v, under which Hy, 4, , is bounded on LP(R?) for some p € (1, 00). In this
paper, we provide a sufficient condition of curve v to this question.

We now state one of our main results. For the Hilbert transform H,, 4, ~, we have

Theorem 1.1. Let u; : R — R and uz : R — R be measurable functions, v € C*(R) be either odd or even,
with v(0) = +/(0) = 0, and convex on (0,00), satisfying

y'(2t)

(i) Sy s decreasing and bounded by a constant Cy from above on (0, 00),
(ii) there exists a positive constant Co such that % > Cs on (0,00),
(iii) there exists a positive constant Cs such that |t;y,/,”(g)| < (3 on (0,00),
(iv) there exists a positive constant Cy such that |(1/,/,/)'(t)\ > £ on (0,00),
(v) :(j,)((f)) is strictly monotone or equals to a constant on (0,00).
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Then there exists a positive constant C such that

[ Huyuo oy fll2r2) < CllFllL2R2)
for any f € L?(R?) with the bound C independent of u1 and us.

Throughout this paper, we always use C' to denote a positive constant, independent of the main parameters
involved, but whose value may change at each occurrence. The positive constants with subscripts, such as
C1 and Cs, do not change in different occurrences. For two real functions f and g, we always use f < g or
g 2 f to denote that f is smaller than a positive constant C' times g, and we always use f = g as shorthand
for fSgSf

Let ¥ : R — R be a non-negative smooth function supported on {t € R : 1 < [¢| < 2} such that
Yz (t) = 1 for any t # 0, where v (t) := (27!t). For any [ € Z, let P; denote the Littlewood-Paley

projection operator in the second variable associated with 1; by
Pif(x1,72) /fl“l, z2 — 2)Y(2)dz

where ¢; means the Fourier inverse transform of 1. For the single annulus LP(R?) estimate for the Hilbert
transform H., 4, ~, we have the following

Theorem 1.2. Let uy, us and vy be the same as in Theorem 1.1. Then for any given p € (1,00), there exists
a positive constant C' such that

| Huyjusy Pl e r2) < ClPf| e ®2)
uniformly in | € Z with the bound C independent of w1 and us.

Remark 1.3. Let v be [t|* or sgn(t)|t|* for any t € R, a € (0,00), @ # 1, a # 2, Guo et al. [16, Theorem 1.6]
obtained the single annulus LP(R?) estimate for H,, ., , for any given p € (1, 00). Therefore, Theorem 1.2
can be viewed as an extension of Guo et al. [16, Theorem 1.6] from the homogeneous curve |t|* or sgn(¢)|t|*
to a more general curve. It is easy to see that v satisfies v(ab) = v(a)y(b) for all a,b € (0,00) if v is the
homogeneous curve |t|* or sgn(t)|t|*, which plays a crucial role in Guo et al’s proof. But this property
can not be hold by a general curve v, this is the main difficulty we have overcome, thus our results make
contribution in this direction.

Remark 1.4. The condition of Theorem 1.1(v) is used to obtain Lemma 2.3, which plays a crucial role in the
proof of Proposition 2.1. From the proof of Lemma 2.3, the condition of Theorem 1.1(v) can be replaced

@ (4 @
by a weaker condition: for any ¢ # 0, the equation 1,,,((575)) = 1,,,((:)) ont € R andt#0,t#c, has a finite
number of solutions including no solution, or there are at most a finite number of intervals such that the
equation above is established on each of the intervals, or both, where the number is independent of c.

Remark 1.5. In [24], the authors obtained the LP(R?) boundedness of the Hilbert transform H,, , in (1.7)
for any given p € (1, 00). For Hy, 4,,, this method used in [24] is no longer valid, one of the difficulties is
the open problem that whether the maximal operator

Mo f(a1, 22) —sup—/|f 1 —txs —u(z)D|dt, (21, 22) € R?,

e>0 2



H. Yu et al. / J. Math. Anal. Appl. 491 (2020) 124394 5

is bounded on LP(R?) for some p € (1,00).

Remark 1.6. There are some curves v satisfying all the conditions of Theorem 1.1. We here only write the
part ¢ € [0,00), and define (t) := +y(—t) for t € (=00, 0]. For example,

(i) for any t € [0,00), v(t) :=t*, a € (1,00), ¢ # 2,
(ii) for any ¢ € [0, 00), y(t) := fg 2 log(1 + 7)dr.

Another motivation of the above study is the Hilbert transform H., along curve (¢,7(t)):

dt

H, f(x1,22) :=p.V. / flxy —t,xe —y(¢)) e Y (21, 22) € R?, (1.9)

which has been studied extensively; see, for example, [4,5,8,31,32]. If u; : R — RequalstoO0and us : R = R
is a constant A\, A € R, then the operator in (1.1) becomes the following directional Hilbert transform H) -
along curve (t,7(t)) defined for a fixed direction (1, \) as

oo

dt
Hj  f(z1,22) = p. V. / flz1 —t, 22 — Ay(t)) 7 Y (21,25) € R?,

— 00

whose LP(R?) boundedness can be obtained easily by the results about Hilbert transform H.,. On the other
hand, for all p € (1,00), it is not hard to get that

sup HH>\>'Yf||LP(]R2) < C|f] e (r2)-
AeR
By linearizing the supremum, we get the L?(R?) boundedness of the corresponding maximal operator

sup |Hy o f(21,22)|, V(z1,22) € R?,
AER

is equivalent to the LP(R?) boundedness of Hy , under the assumption that U is a measurable function and
the bound must be independent of the measurable function U. As we have already mentioned earlier, this
is impossible. Therefore, we cannot hope to obtain an uniform constant C' such that

sup [H  f| < Ol fllze(r2)
AeR

Lr(R?)

holds for all f € LP(R?), where p € (1,00). Indeed, Guo et al. [18] have showed that

~ \/log(M(U))

L (R2)— Lr (R2)

sup |H) -
AU

for all p € (2,00), where
NU) =1+4{neZ: 2",2"7]NU +£ 0}

and v is homogeneous of degree b, with v(£1) # 0 and b > 1. Instead, from Theorem 1.1, we have that
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dt
t
L*(RZ,) L2(RL))

< O fll2we),

(oo}
sup ||p.v. / flzr —t,xo — At — Xay(¥))
A1, 2€R2

—00

which squeezes the supremum between the two L? norms on the left hand side.

For the Hilbert transform Hy, y,  in (1.1), when uy := 0, then the operator Hy, ., is demoted to the
Hilbert transform H,, in (1.8). Bateman [1] proved the single annulus L?(R?) estimate for H, for any given
p € (1,00). Later, Bateman and Thiele [2] obtained that H, is bounded on LP(R?) for any given p € (2, 00).
When u; := 0, then the operator Hy, 4, is demoted to the Hilbert transform H, , in (1.7). Let  be [¢|*
or sgn(t)|t|* for any t € R, a € (0,00), @ # 1, Guo et al. [16] proved that H,, - is bounded on L?(R?), where
p € (1,00). Furthermore, Carbery et al. [6] obtained the LP(R?) boundedness of H, ., if u(x1) := z; for any
z1 € R, v € C3(R) is either odd or even, convex curve on (0, ), and satisfies v(0) = 4/(0) = 0 and the
function tj{,ﬁ(g) is decreasing and bounded below on (0, c0), where p € (1,00). Under the same assumptions,
Bennett [3] established the L?(R?) boundedness of

Hpo f(21,25) = pov. / Flor —tay = Plaay(t) o ¥ () € R, (1.10)

—0o0

for any general polynomial P. More recently, Chen and Zhu [9] obtained the L?(R?) boundedness of Hp
in (1.10) if the curvature condition for « is replaced as (1—/,/)’(25) < —f3 ont e (0,00) with gy > 0. The
first author and Li [23] also obtained the L?(R?) boundedness of Hp. in (1.10) by asking the curvature
condition for v € C?(R) as

() 2
(ii) there exists a positive constant po such that

is decreasing on (0, 00),

t»j/(g) > g for any t € (0, o),

(iii) ~"(t) is monotone on (0, 00).

These results are all based on iteration on the degree of polynomial P, which can not been applied to general
measurable function. Thus, we must find a new method to dispose general measurable function, we refer
the reader to [24] for this topic. Furthermore, the first author [33] obtained the L?(R?) boundedness and
single annulus LP(R?) estimate for the Hilbert transform H, s along double variable fractional monomial
up (21)[H]* + ua(x1)[t])?, which is defined by setting, for any f € S(R?),

oo

H, pf(z1,22) :=Dp. V. / flaxy —t, 29 —ug () [t]* — u2(9:1)[t]5)

— 00

dt
?a v(xlaIQ) €R27
and the bounds are independent of the measurable functions u; and us, where [t]* stands for either || or
sgn(t)[t|, [t]° stands for either [t|” or sgn(t)[t|® and «, B € (1, 00).

Now we turn to the Carleson operator Cy, 4, in (1.3), which appears naturally in the study of the
L?(R?) boundedness of the Hilbert transform H,, u, . The original Carleson operator C is defined by

o0

; dt
Cf(x):= sup |p.v. /ethf(:Eft)— , VzeR, (1.11)

NeR t
for any f € S(R). Carleson [7] proved that C is bounded on L?(R), which provided a critical step in obtaining
almost everywhere convergence of Fourier series of L?(R) functions and also confirmed the outstanding Luzin
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conjecture. Hunt [19] obtained its LP(R) boundedness for any given p € (1,00). For more details about C,
we refer to [11,22,28,30].

Guo [14] considered a Carleson operator along a homogeneous curve |¢|*! or sgn(t)[t|°2. He proved that,
for any fixed €1 € R, ¢1 # 1 and p € (1,00), there exists a positive constant C, ., depending on p and &;
such that [|CR¥ fllLe®) < Cpe, || fllLr(r), moreover, for any fixed e2 € R, g2 # 0 and p € (1,00), there
exists a positive constant C, ., depending on p and €3 such that [|C3, f[lLr®) < Cp.e, || || Lr(w), where, for
any f € S(R),

oo

N 1ElE dt
R @)= swp pv. [ N @G vaeR
' NeR t
and
odd iNsgn(t)|t|*2 dt
Cle,f(x):=sup |p.v. [ e flx—t)=|, VzeR.
’ NeR t
— 00

Let p € (1,00), the first author and Li [24] obtained the LP(R) boundedness of the Carleson operator Cy
along a more general curve 7y, which is defined by

7 ; dt
Cn~f(x):= sup |p.v. / elNW(t)f(a: —t)—|, VzeR,
NeR E t

for any f € S(R). Lie [25] considered the quadratic Carleson operator Co, which is defined by

. ) dt
Cof(x):= sup p.v./elNlt“N’”’th(xft)— , VzxeT,
Ni,N2€R g t

for any f € C*(T), where T := [—3, 1]. He obtained its L?(T) boundedness for any given p € [1,2) and
weak-(2, 2) boundedness. Later, Guo [16, Corollary 1.7] obtained the L*(R) boundedness of the Carleson
operator C,, defined as

o0

. . o dt

Cof(x):= sup |p.v. / NNl 4y Z| | Vaz eR,
Nl,NQER B t

for any f € S(R), where [t]* stands for either |¢|* or sgn(¢)[t|* for any t € R, a € (0,00), a« # 1, v # 2.

More recently, the first author [33] obtained the LP(R) boundedness of the Carleson operator Cq, 3, which

is defined by setting, for any f € S(R),

oo
e dt
Capf(z):= sup |p.v. / eNiltl “N2[t]ﬁf(x—t)— , VzeR,
Ni,N2€R t
—o0
where [t]* stands for either |t|* or sgn(t)[t|*, [t]® stands for either [¢t|® or sgn(t)[t|® and a, 8,p € (1,00).
Based on the Carleson operators Cn ~, Co and Cq g, it is natural to consider the L”(R) boundedness of the
Carleson operator
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oo
) ) dt
Cny ey f(2) = sup P.V'/elNlt’L’Nﬂ(t)f(fE—t)— , VzeR,
Ni,N2eR t
— 00

original defined for any f € S(R), where p € (1,00). By linearizing the supremum, it suffices to consider
the Carleson operator Cy, 4, in (1.3), we obtain

Theorem 1.7. Let uy, ug and v be the same as in Theorem 1.1, and p € (1,00). Then there exists a positive
constant C such that

1Cus sy fllLe®)y < Cll fllzew)
for any f € LP(R) with the bound C independent of u1 and us.

From Remark 1.6(i), we do not establish the L?(R) boundedness of Carleson operator Cn, n, - for y(t) :=
2, but for all y(¢) := [t]*,a € (1,00),a # 2. The case y(t) := t? is fundamentally different due to the
presence of the symmetry of quadratic modulations. Therefore, the weak-(2,2) boundedness of C in a sense
should be regarded as an endpoint estimate for our results of Theorem 1.7 and Guo [16, Corollary 1.7].

The layout of the paper is as follows. In Section 2, we give a detailed proof of Theorem 1.7. It then gives
the L?(R?) boundedness of (1.1), that is Theorem 1.1. Section 3 is devoted to obtaining the single annulus
LP(R?) estimate for (1.1) for any given p € (1,00), it is Theorem 1.2.

2. Boundedness of H,,, i, and Cy, iy~

In this section, we prove Theorems 1.1 and 1.7. We start with some standard reductions that Theorem 1.1
follows from establishing Theorem 1.7. As in [26], we obtain

HHulyuZ;"/||L2(R2)—>L2(R2) < ig% HS/\HLZ(]R)%L?(R)

by Plancherel’s formula, where

T . dt
Syf(z) :==p.v. / e (@)t=idua(@)y(1) £ 4) —» VZER

— 00

Since we pursue the Hilbert transform Hy, 4, ~ is bounded on L?(R?) with a bound that can be taken to
be independent of the measurable functions u; and uz, we need only to obtain the L*(R) boundedness of

T ; dt
Cuy s~ f(2) =p.v. / ezu1(z)t+zu2(z)’¥(t)f(x —t) — Vz €R,

— 00
with a bound independent of the measurable functions u; and us. Therefore, it is enough to prove Theo-
rem 1.7. We prove it by establishing the following four steps:

2.1. Basic dyadic decomposition

The first step is to break up Cy, 4,4 into pieces which are supported on dyadic annuli about the integral
variable. Recall that the non-negative smooth bump function ¢ : R — R is supported on {t € R : % <t <
2} satisfying Y;cz1(t) = 1 for any ¢ # 0, where v;(t) = 1/(27'). On the other hand, since v(0) = 4/(0) = 0,
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v € C*(0,00) is convex on (0,00), it follows that v > 0 on (0,0), then 4’ is increasing on (0, 00), which
further implies that lim; , y(t) = co. We may define n: R — Z such that

1 1

y(2n(@)+1) < Jug(z)| < S’ Vz eR. (2.1)
Let us set
— i (x)t+Hius (2)y(t) dt
Curuz iy if (@) = [ €™ O = p(t) &, Vo eR.

We decompose the Carleson operator Cy, 4,,~ into the following low frequency part Cuhu2 ~ and high fre-
quency part Cuhu?,y.

Curuz iy f (@) = Z Curuz e f (2 Z Cus uz v,k f () (22)

k<n(z)—1 k>n(z)

e 2
= C’l(Ll),’u.nyf( ) + Cul)uz ’yf(x)'
2.2. Low frequency part C&ll),uby

The low frequency part Cq(}l)mﬁ is further divided into the following two parts:

CV s f () = T1f () + To f ().
The former part T} f is defined as
, , , dt
Ty f(z) :=p.v. [ew1(w)t+w2(:c)’v(t) _ ptur(@)t flz —t)o(t) =
t

[t]<2n(=)

and the latter part 75 f is defined as

i@ =pv. [ @ nen T,

jtl<2n )

where ¢(t) := Zkgn(ac)—l U (t).
For the former part T7f, noticing the fact that ~" is increasing on (0,00) and ~(0) = 0, by a simple
calculation, this implies that @ is increasing on (0, 00). Combining + is either odd or even and (2.1), we

get that

ni@ < [ -0l L s
|t <2n (@)
<o [ -l s,
jtl<2n(

Here and hereafter, M denotes the Hardy-Littlewood maximal operator.
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For the latter part T f, by linearizing the supremum, we deduce that

Ty f(x)| = / eiul(m)tf(x—t)%dter.v. / eiul(g”)tf(:c—t)%

‘t|§2"(1) |t‘§2n(.7:)

IN

-1 .
Fe - D) \%\ dt +C* ()
2n(z)—1§|t|S2n(I)
1
on(z)—1

|t|<2n (@)

< [f(e—0)[ dt +C*f(x) S M f(x) +C* f(x).

Here C* is the mazimal truncated Carleson operator defined as

; dt
C*f(z):== sup |p.v. / eNif(x —t)—|, VzeR.
NER,e>0 " t
<e

From [12, Lemma 6.3.2], we have that
C*f(x) S Mf(x) + M(Cf)(x),
where C is the Carleson operator in (1.11). Therefore,
1
Ciluz o f () S Mf(2) + M(CF)(z).

Since both M and C are known to be bounded on LP(R), we may conclude that

1
R Y 1 P

Lr(

as desired, where p € (1, 00).
2.8. High frequency part Cq(fl),uzﬁ

For the high frequency part C&?Mm we write it as a series of operators {S;};—,. We want to get a decay
estimate for each of Sy. We shall adapt the TT* argument from Stein and Wainger in [30]. Indeed,

r g (¢ iuz (T di
CP o f@) =Y / e @O f (5 — (o) (1) = Y Sef ().

k>0_" k>0
For each fixed k > 0, we trivially have that

|k tn(a) ()]

dt
1t

1S f(2)] < / 1z — 1)
2k+n(:c)—1Slt‘S2k+n(m)+l
1

< 2k+n(z)-1
|t|§2k+n(w)+l

[f(x —t)[ dt S M f(z).
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From this and the well-known boundedness of M on LP(R) for any given p € (1,00), it follows that
1Sk fllLe®) S | flle(w), by interpolation, the proof of ||C§21),ugﬁf||Lp(R) S 1 fllzrr) for any given p € (1, 00)
would be completed if we could show that there exists a positive constant wy such that, for any k > 0,

1Sk fllnz®) S 27| £l p2(r)- (2.3)

Based on the standard TT* argument, we first write the operator S, S;* as

< < —n(z)—k
p.v. / p.v. / o () ematt)—ius(e ety V2D — 2 41))
z—x+t
_ , P27 @) =ky)
x etm@tti(@y() 22 7 def(z) d=.
For any t € R, let
@u1@u2(®) gy . giur (@)t+iuz(@)1(t) YOk
k t
and
@Zl(m),uz(m)(t) — i)Zl@)»uz(fﬂ)(_t).
Therefore, we immediately get
SiSe* f(x) =p.v. / ézl(z)’W(z) * @Zl(z)’uQ(z)(x —2)f(2)dz.
—o0

From now on, we may assume for simplicity that 2"(*) < 27(2) TLet ¢ := x — z, we have that the kernel of
SSy* is given by

e

® —n(z)—k —n(z)—k
Doy, / i (2)(—€+D)—iuz(2)y(—¢+0) Y (2 ()g JE;H@) z‘ul(z)wm(zmww d. (2.4)

Set 7 := 27™(*)=*¢ and hence (2.4) has the form

o0 —n(z)—k 2n(@)
o [ i @ ey Y82+ )
p-v. —£+ 2n(a:)+k77

eiul(z)Z"(erknJriuQ(z)'y(2"(m)+kn) ¢(7I) d?’] (25)
n
Furthermore, let us set 0 < h := %(g:) <1, s:= % and t := 7, we can rewrite the kernel as
2n() on(x)+ n
oo
1 1 ()27 O 4 s ()7 (27 ) g (2) (27O FE [t — 8] —iua (2) (27 O+ [re—s)) P (Bt — 8) P(2)
——— p.V. e — 2 dt.
on(z)+k ht — s t

(2.6)
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To bound the above integral, we shall need to use a crucial estimate from the following Proposition 2.1 that
will allow us to control S;S;* by Hardy-Littlewood maximal operator M with bound 277 . This is the
desired estimate for S3S)*. Let us postpone the proof of Proposition 2.1 for the moment. We now turn to
SkSk", notice that -f5%% = s, by (2.7) of Proposition 2.1, we have that

o0 oo

|SkSk™ f ()] = / ﬁp.v. / 11 (2)27 DR by (2) (27T ) —iuy (2) (2D [t —s]) iz (2)7 (2" FE [t —s])
2nz
¥ (ht — s) (1)
T dtf(2)d
s ¢ WE)de
o1
S / on(=)+k {X(—a-rr2-0m1(8) + 272 xay(5) } |f(2)] dz
9—kr1 9—kra
Sy | WEat o [ el
SATE <2 aoel <4

S27M M f(x) + 27 M f(2) S 27 M f(2),
where v := min {r1,72}. From the L?(R) boundedness of M and hence
* % Y
[SellL2®)—r2®) = 1SkSk™ 17 2R) s p2m) S 272

Thus, (2.3) holds with wg := %, which completes the proof of Theorem 1.7.
2.4. A crucial decay estimate

As in [30, Lemma 4.1], we need the following decay estimate (2.7). We will bound the integral in (2.7)
by the sum of x(_o-kr o—rri)(s) and 2772 x(_y 4(s), not just 2772 x(_y 4(s), where [-275"1,27F"1] can be
regarded as an exceptional set.

Proposition 2.1. There exist positive constants r1 and ro such that

p.v / 6“1(z)z"<'”+’“t+m2(m)w(z"”“’“t)fm<z>(2"<z>+’“[hhs])ﬂw(z)v(z”’““k[hHl)¢(h_t ) —w(t) dt
o ht — s t

— 00

(2.7)

< O {X[a—kr 2=k (8) + 272X _a g (5)}

for any k € N and z,z,s € R, where C is a positive constant that can be taken to be independent of
k,x,z,s,u1 and us.

For the proof of Proposition 2.1, we shall use the following two lemmas:
Lemma 2.2. [17, Lemma 4.5] Let A be an invertible n x n matriz and x € R™. Then
| Az| > |detAl[|AlI'~"|x],

where || A denotes the matriz norm sup,, —; |Az|.
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Lemma 2.3. For any a,b,c,d € R and d > 0, there are at most a finite number of intervals such that
lay"(t) = 0" (t —¢)| > d (2.8)
is established on each of the intervals, and the number of intervals is independent of a, b, c,d, where t € R.

Proof. We proof of Lemma 2.3 by considering the following five cases:

Case 1 b =0 and a = 0. Then (2.8) does not exist. In other words, there is no interval such that (2.8) is
established.

Case 2 b = 0 and a # 0. From Theorem 1.1(v), v"/(t) # 0 on t € (0, 0), noticing that v € C*(R), then
~" is strictly monotone on (0, 00), since v is either odd or even, then Lemma 2.3 is obtained obviously.

Case 3b#0, c=0 and a = b. Then (2.8) does not exist.

Case 4 b # 0, ¢ = 0 and a # b. Then (2.8) is equivalent to |(a — b)y”(¢)| > d, as Case 2, we have that
Lemma 2.3 is established.

Case 5 b # 0 and ¢ # 0. Since (2.8) is equivalent to

ay"(t) =" (t—c)—d>0 or ay'(t)—b0'(t—c)+d<O0.
Noticing that v € C*(R), it suffices to show that
ay"(t) =" (t —c) =0 (2.9)

has a finite number of solutions including no solution, or there are at most a finite number of intervals
such that (2.9) is established on each of the intervals, or both, where the number is independent of a, b, c.
From Theorem 1.1(v), v""'(t) # 0 on t € (0,00), noticing that v is either odd or even, then 4" (¢) # 0 on
t € (—00,0)J(0,00). It is easy to see that we should only consider ¢ # 0 and ¢ # ¢ for (2.9). Then (2.9) is
equivalent to

% — 7”;%7(;)0) = F,(t), t#0, t#c, t€R. (2.10)

It is easy to see that, for any t # 0,¢ # ¢, t € R,

FI(t) =

(&

RO RGN D

YWt =)y (t) ="t =)y (1) _ A"t =) [7W(t—c) () (2.11)

@
From Theorem 1.1(v), %((tt)) is strictly monotone or equals to a constant on (0, c0), since 7 is either odd or

even, then

1Ot —0) 7D t#£0, t#c, teR (2.12)

=0 A0

has a finite number of solutions including no solution, or there are at most a finite number of intervals such
that (2.12) is established on each of the intervals, or both, where the number is independent of ¢. Therefore,
F!(t) in (2.11) share the same character as (2.12). Then (2.10) also has the same character as (2.12). This
finishes the proof of Lemma 2.3. O

Proof of Proposition 2.1. We notice that the non-negative smooth function ¢ : R — R is supported on
{teR: 3 <|t| <2} and 0 < h <1, thus, [t] < 2, [ht — s| < 2 and |s| < 4. For any given ¢ € R, let
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Q(t) = ug (2)2" D FRE pouy () (27@ TR — g (2) (2R [t — 8]) — ug(2)y (27 TRt — 5]). (2.13)
After a direct computation, we may obtain
Q" (t) = ug ()22 @R (@) TRy _ gy, (2)22(0()HR) 11 (on(2) 4k g 6] R, (2.14)
and
Q" (t) = ug(2)23(M@HR) 1 (@) TRy gy (2)23( ) FR) A () HR [y _ g ) b3, (2.15)

Before getting some estimates on Q" and Q"’, we first obtain some controls about t,z,ﬁ(g) and tf:/(g) Noticing
that 7/(0) = 0, from the Cauchy mean value theorem, for any given ¢ € (0, c0), there exists t¢ € (0,t) such
tﬁat t?/:l(g) = t’y;i((i)):g’,yglo()o) =17 (tifzfg) (te) Thus, by Theorem 1.1(iii), there exists C5 := C3 + 1 such
that

0 o (2.16)

for any t € (0,00). For t:’//(g), noticing that 4(0) = 0, from the Cauchy mean value theorem, for any given

t € (0,00), there exists t¢ € (0,¢) such that @ = 7/(t¢). This, combined with the fact that 4’ is increasing

on (0,00) and v > 0 on (0, c0), implies that v/(t;) < ~/(¢) for any ¢t € (0, 00). Therefore, 1 < t?yl(g) for any
t € (0,00). Furthermore, from 7(0) = 0 and the Cauchy mean value theorem, similarly to t::,”(g), there exists
Cs := C5 + 1 such that
!
1< 0 o (2.17)

for any t € (0,00). Now we come back to the estimates on Q" and @, we need to consider the following
two cases:

Cy
Case AO< h < 1/160%0506.

From (2.1), we can see that

Q1 (1)) = [ua )22+ (21 k) | g (2)220 D+ (21 [t — )| 2 (2.18)
1 2(n(@)+k) 11 o (z)+k L oo(n(2)+k) 1 pon(z)+k 2

By Theorem 1.1(ii) and (2.16), we have that Cy < t;y,”(g) < (5 for any t € (0,00), noticing 4 is in-

creasing on (0,00), 3 < [t| < 2, 3 < |ht — s| < 2, we see that the formula in the last term in (2.18)
is

>z
2

I T S itiize 4 Clbeaied R Clti) (2.19)
~y(2@)+T) ~/ (2n(@) k) (@) kg )
B #22(n(z)+k) 2"(Z)+k[ht _ s]’y”(?”(z)+k[ht _ S]) ’7/(2n(z)+k[ht _ s]) ,
7(29) 7 (2" Rt — 5)) 2Tt — 5
c L otm@n Y@ ) 20y | L g2t A (2O ‘ B2,

,Y(Qn(z)-‘rl) on(z)+k ,Y(Qn(z)) on(z)+k
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’ 1ok 7ok Iok—1 ’
: 7' (2t) A2 2% AT A2
Since ~; SO e e (0

k € N. Noticing (2.17), Aﬁ;/((Qtt)) <Ciand 0 < h < ,/%, combining +' is increasing on (0, 00), we
obtain that previous display is

is decreasing on (0, c0) for any

is decreasing on (0, c0), then

Cs 2n(z)+1,}/(2n(m)+1) 2n(m)+k ,y/(2n(w)+k%) 7/(2n(m)+k> 7/(277,(:0))
9 2n(z),>/(2n(z)) 2n(z)+k 7/(2n(z)+k2) 7/(2n(z)+k) )

Cy 7/ (2M®FF) Ry (20OFR)
— o~ £ 2C1C5Ce2" ——=
TACTT (el TR y(ante))
Co 2 k”Y/(Qn(mHk) Cy k
= — —20C1C:Cgh* | 2" "~ 2 > | — | 2".
(40% e ) 7' (20@) = \8CF

Therefore, |Q"(t)| = 2*, by van der Corput’s lemma, it is not difficult to prove that the left hand side of

(2.7) can be bounded by a uniform constant 2-2%. Then (2.7) is established with ro = 1 and arbitrary

positive constant ry.

Ca
Case B ‘/160?0506 < h<1.

If |s| < 27%, it is easy to see that the integral in (2.7) has a uniform bound C. Thus, in this case, (2.7)

holds with r; = % and arbitrary positive constant ry. We remark that in what follows we only need to

consider the case that |s| > 27%. Let

o 2n(m)+kt,y/l/ (2n(x)+kt)
ao = ,Y/I(Qn(z)Jrkt)

and

B 2n(z)+k(ht _ 8)7///(2n(z)+k[ht _ 3])
B V(2 ¥Rt — o] '

bo:

We can write

Q (1) \ _ _
(Q///(t) > =M, T, (2.21)

where

1 h?
My s = < 1 B3 ) (2.22)
Cl()? bO ht—s

and

wo(x 22(n(m)+k) " 2n(w)+k:t
Y= 2(2) 7 ) . (2.23)
—Us

(2)22(n(z)+k),y//(2n(z)+k [ht _ S])

By Theorem 1.1(iii) and the fact that - is either odd or even, and noticing that 1 < [t| <2, 1 < |ht—s| < 2,
A /160?% < h <1, we conclude that

|a0| S 03 and |b0| S 03. (2.24)
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This further implies that

[Mys|| = sup [Mysz] S 1. (2.25)
|z|=1
From (2.22), by Theorem 1.1(iv), together with the fact that |s| <4, h = —gzg and the Cauchy mean value

theorem, it follows that there exists a constant 6 € [0, 1] such that

|detM; | = h2Qn(@)+k (2.26)

7///(2n(m)+kt o 2n(z)+k5) 7///(2n(m)+kt)
,y//(Qn(w)-i-kt _ 2n(z)+k8) o 7//(2n($)+kt) ‘

li
_ h22n(a:)+k (i::) <2n(a:)+kt _ 2n(z)+k:80) 2n(z)+ks

v

1

> C4h22n(m)+k
- [Qn(z)-i-kt _ 2n(z)+k89] 2

2n(at)+k8‘

= Cyh? s| > 273,
Ls0)”

For |Y|, the principle is essentially the same as in the proof of (2.18), we claim that || satisfies the lower
bound

[T] :\/[uz(x)22(n(w)+k)7”(2"(w)+’ft)]2 + [—uo(z) 22002 +k)y1(20(2)+h [ht — s])]2 (2.27)
Cy
> 92(n(2)+k) 11 (gn(@)+hy ’ > (22 ) ok
> [us (@) RO 2 (4
By Lemma 2.2 with n = 2 and a simple computation using (2.25), (2.26), (2.27), we have
E
2

My X > |det My o [ My o] | 1Y) 2 25 (2.28)

It is then easily verified the pointwise lower bound that

VIQ P + Q) z 25, (2.20)

By pigeonholing, there are now two cases:
Case I |Q"(t)| > 22.
By Lemma 2.3, noticing that h = 2

S+ and letting

[SIE

a:= ug(x)22(”(z)+k), b:= u2(z)22("(z)+k)l127 c:=2"Fkg =27 and t.=2n@)tkg

we have that this case only happens at most a finite number of intervals, and the number of intervals is
independent of z, z, s, k and u. By van der Corput’s lemma, we have that the integral in (2.7) on this portion
is established with ro = i and arbitrary positive constant ry.

Case IT |Q"(t)| > 22.

As in the treatment of Case I, Case II also only happens at most a finite number of intervals, by van der
Corput’s lemma, we have that the integral in (2.7) on this portion is established with ro = % and arbitrary
positive constant r;.

Putting things together, we obtain that the integral in (2.7) is established with 7, = § and arbitrary

positive constant r; at the Case B. This finishes the proof of Proposition 2.1. O
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3. Single annulus L?(R?) estimate for Hy, 4.~

In this section, we prove Theorem 1.2. There are many other works about single annulus L?(R?) estimate,
such as [1] and [20]. The main strategy of our proof is to split our operator into a low frequency part
H,(Lll),uQﬁPof and a high frequency part Hq(ﬁ),uZﬁPof. We want to compare the low frequency part Hq(ﬁ)’m’ypof
with the maximal truncated Hilbert transform H Py f. Later, we consider the difference between H,(LRUQNPO f
and HP,f. For the high frequency part, which is further divided into a series of operators, we want to get
a decay estimate for each of these operators.

Proof of Theorem 1.2. By an anisotropic scaling
Ty — T1, Tg — 271.’132,

we can restrict our proof to [ = 0. Let

Hyy sy e Pof (21, 22) / Pof(z1 —t,ze — ur(w1)t — uz(z1)y(t)) Y (t) %

Let n: R — Z be such that for all z; € R,

1 1
— < < — . .
7(2"(4”1)""1) = |’LL2(J?1)| = 7(2"(1'1)) (3 1)
We decompose the function H,, v, ~Fof into the following two parts:
Hul,ug,ﬂ/POf(Ila $2) = Z Hu1,uz,’y kPOf X1, J52 Z Hul,ug,'y,kPOf<x17 .’Ez) (32)
k<n(zi1)—1 k>n(z1)
= H& usyPof (21, 22) + Hﬁ),w,wPof(xl,xz).
Let p be a non-negative smooth function supported on {¢£ € R : 1 < [¢| < 4} and equals to 1 on
{¢eR: I <|¢] <2}, furthermore, let us set
oo
Po f (w1, 72) : /fol,I2—5 p(s)ds.
By Fourier transform, after a simple calculation, it is easy to see that
PoPof = FRof.
We first consider Hﬁll),wﬁ]Pof. Let (1) := >k <(sy)—1 Yr(t), then
r d
t
Hﬁllzuz,wpof(xhxz) =Dp.V. / Po f(z1 —t, 22 — us (1)t — uz(21)y(t)) (1) P (3.3)

For any (z1,22) € R?, we define the approximate operator as

T a

HPof(z1,22) := p. V. / Pof(z1 —t, 29 — uy(z1)t)d(t) -

— 00
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We are going to prove the LP(R?) boundedness of HPy. For the formula [16, (2.6)], letting
ri=1x1, yi=ax9, v(x)=ui(z;) and wu(z):=20E@E)Fe
by the formula [16, (2.7)], noticing

o(t) = Z Yp(t) = Zwk(an(xl)Jrlt) _. ¢0(2—n(x1)+1t)’

k<n(zi1)—1 k<0

we have

IHPo f || 1rR2) S IIPoflLe®ey S I llrr2) (3.4)

for any given p € (1, 00) with the bound independent of u; and ws.
Now we look at the difference between Hqgll%ug771P0 f and HP,f, which is given by

p.v. / / Flar — tos = w2t = 2) [z — wala)9(8)) — p=)] 6(8) d= G- (3.5)

‘t|§2n(11) —00

Since 7 is increasing on (0, 00) and || < 2"(*1) we obtain the critical restriction that

Juz (1) y(1)] < fug(a1)|7(2") < 1.

Then we apply the mean value theorem to get that

p(z = uz(21)7(1) = A S D

: )2 Xim,m+1](2)|[uz(z1)7(t)]-
meZ

(lm-=1]+1

Since ), .cz m < 1, it is enough to consider the LP(R?) boundedness of the following operator, for
any fixed m € Z,

m+1
Ko f(21,72) = / pov. / F(21 — £ 29 — (@)t — 2)|[us (@) (8) (1) %dz (3.6)

m [t|<2n(z1)
y(t)
t

with the bound independent of u;, us and m. By Minkowski’s inequality and the fact that is increasing

on (0,00), (3.1), we have

e’} m—+1 P

||Kmf||1£zv(R2) < / / p-Vv. / IIf(z1 — t,l‘g)HLp(Rég)M(é(t) dtdz dz, (3.7)

It]
S [ jz2een
p
i Juz (1) (2)|
< | f(x: — t,xz)HLP(R;Z) 2| p(t)dt p day
—oo |je|<2n e
[e'e] p
1
= / (e / 1f (21—t 22) || Lome ) dt p day

—o0 lt|<2n (=)
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o0

S [ [MUsCaDlm,)en)]” don S 171 @

— 00

From (3.4) and (3.7), we have
HHﬁ)uzw OfH L ®?) S llzrr2)-
Therefore,
HHI(Lll,uz,wPOPOfHLP(RQ) S NP f o (m2)
and hence

H ul,u2,7P0fH S IPofll 2o re) -

Lr(R2)

This is the desired estimate for the first part H&),uQﬁPof.
We now turn to the second part Hq(fl),uz,'ypo f, which can be written as

dt
H?,, Pof(z1,a2) = Z / Pof(zy —t, 29 —ur(z1)t — u2(21)7(t)Vn(en)+1(t) ¥

k>0_"

=: Z kaof(l‘l, J,‘Q).

k>0

From the above description, Theorem 1.2 is reduced to the task of obtaining good LP(R?) bounds for each
operator Bj. By Minkowski’s inequality, we get

oo o0 oo P

wn x1 t P
||BkP0fH:2P(R2) S / / / Pof(l‘l — t,xg - ul(gcl)t — ug(xl)’y(t))w dCUQ de dx1

t
— 00 — 00 — 00

(3.8)

1
< / / | Pof (1 7t7x2)||LF’(R}Ez)mdt dxy

—00 |2n(zn)+k-1L || <2n(@1)+h+1

S [ [MUPSC 2w, )@ dor S 1RSI gy

One can see from (2.3) that

[
. . dt
/ elul(m)t+zu2(z)'y(t)Pof(x _ t)wk+n(x) (t) 7 5 2_WOk||POfHL2(R)-

o0 L2 (R)

As [26], by the Fourier transform and Plancherel’s formula, we assert that

IBuPofll2re) S 27 | Pofll2re)- (3.9)
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Interpolating between (3.8) and (3.9), sum over k > 0, we get that

HHff),uQ,WPofH SN Poflle w2y

L7 (R?)

for all p € (1,00). This finishes the proof of Theorem 1.2. O
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